First principles study of the vibronic coupling in positively charged
  C$_{60}^+$ by Huang, Zhishuo & Liu, Dan
ar
X
iv
:1
90
5.
00
53
0v
1 
 [p
hy
sic
s.c
he
m-
ph
]  
1 M
ay
 20
19
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The orbital vibronic coupling parameters for C+60 are derived by using density functional theory calculations
with hybrid B3LYP functional. The obtained parameters tend to be stronger than the estimates within local
density approximation. Based on the obtained coupling parameters, the static Jahn-Teller effects of C+60 are
analyzed. The present coupling parameters enable us to analyze the dynamical Jahn-Teller effect of C+60 and
that of excited C60 in combination with the parameters for C
−
60.
I. INTRODUCTION
Fullerene molecule C60 in its charged and excited states
exhibits various types of Jahn-Teller (JT) effect which
cannot be seen in lower symmetric systems1,2. Due to its
high point group symmetry, the degeneracy of the high-
est occupied molecular orbitals (HOMOs) is as high as
five-fold, giving rise to one of the most involved JT ef-
fects in positively charged C60. Toward the understand-
ing of the JT effect of Cn+60 cations, spectroscopic
3–5 and
theoretical6–13 investigations have been piled up. Re-
cently, confirmation of the presence of C+60 in interstellar
materials14,15 renewed the interest in C60 cations and
bursted various spectroscopic and theoretical investiga-
tions on C+60 and related systems
16–21.
For the realistic description of JT effect of positively
charged C60, precise knowledge of the vibronic coupling
parameters is decisive. The derivation of the vibronic
coupling parameters have been addressed22–24, and com-
prehensive parameters were obtained by density func-
tional theory (DFT) calculations at local density approx-
imation (LDA) level22,24. Nevertheless, in the study of
C−60, it has been shown that the LDA tends to underesti-
mate the coupling parameters25. In the work, the hybrid
B3LYP functional was found to give closer parameters to
the experimental data. Furthermore, a good agreement
between the B3LYP and GW approximation calculations
have been shown26. Therefore, it is desired to derive the
coupling parameters at B3LYP level for accurate descrip-
tion of C60 cations.
In this work, we derived the orbital vibronic coupling
parameters for C+60 cations from the DFT data with
B3LYP hybrid functional. The obtained coupling param-
eters were compared with the previous data with LDA
calculations. The static JT effect was also analyzed, and
the symmetry of the JT deformed C+60 was established.
II. VIBRONIC HAMILTONIAN
The highest occupied molecular orbitals (HOMOs) of
C60 are characterized by five-fold degenerate hu irre-
ducible representation (of Ih group) and they linearly
couple to the following mass-weighted normal vibrational
modes27:
[hu ⊗ hu] = ag ⊕ gg ⊕ 2hg. (1)
The gg and hg modes are JT active, while the ag does not
lower the symmetry. Taking the equilibrium coordinate
of neutral C60 as the reference coordinate, the H ⊗ (a⊕
g ⊕ 2h) JT Hamiltonian for C+60 is given by1,2,6
H = H0 +HJT, (2)
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I
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where φ = (1 +
√
5)/2, I is five dimensional unit matrix,
ωΓ (Γ = ag, gg, hg) are the frequencies, qΓ are the mass-
weighted normal coordinates28, and VΓ are the vibronic
coupling parameters for Γ mode. The coefficient of
√
5/2
is introduced so that the Jahn-Teller stabilization could
be defined in a more general way:
EJTg = −
1
2
V 2g
ω2g
EJT1h = −
1
2
V 21h
ω21h
EJT2h = −
1
2
V 22h
ω22h
(5)
The basis of the matrices are the Hu electronic states of
C+60 in the order of |Huθ〉, |Huǫ〉, |Huξ〉, |Huη〉, |Huζ〉.
For the hg representation, the d orbital type of the basis
is used, and hence, θ, ǫ, ξ, η, ζ transform as (2z2 − x2 −
y2)/
√
6, (x2 − y2)/√2, √2yz, √2zx, √xy, respectively,
under rotation.
Note that this basis differs from that in the work of A.
Ceulemans6, in which the θ, ǫ donate the linear combi-
nation of the real d functions dz2 , dx2−y2 . The basis of
Ceulemans work could be linked with that in this paper
by the following transformation matrix
T =

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And the relation between the coupling parameters
V1h and V2h above and FHb and FHa, defined in the
literature6 is:
V1h =
FHb
4
√
5
, V2h =
FHa
12
√
5
. (7)
And the relation between the coupling parameters
V1h and V2h above and FHb and FHa, defined in the
literature6 is:
V1h =
FHb
4
√
5
, V2h =
FHa
12
√
5
. (8)
For the derivation of the vibornic Hamiltonian, the
Clebsch-Gordan coefficients determined in Ref. 29 is
used.
C60 has two ag, six and eight sets of gg and hg modes,
respectively, whereas the indices distinguishing them are
not written in Eq. (2) for simplicity. The phase factor of
the mass-weighted normal modes are given in the Supple-
mental Materials of Ref.29. The dimensionless vibronic
coupling constant is defined as:
gΓ =
VΓ√
~ω3Γ
(9)
III. RESULTS
A. Orbital vibronic coupling parameters
The orbital vibronic coupling parameters were derived
by fitting the DFT HOMO levels to the model hamil-
tonian (see Fig. 15 and Supplemental Materials). The
DFT data calculated by GAUSSIAN 16 program is taken
from Ref. 29, in which a hybrid B3LYP exchange correla-
tion functional and a triple-zeta basis set was employed.
The obtained orbital vibronic coupling parameters vΓ are
shown in Table I. The definition of the phase factors of
the normal modes are the same as Ref. 29.
In the case of C+60, there is one hole in the hu HOMO.
Given the large separation between the HOMO and
other orbitals, the nature of HOMO of C60 would not
change by introduction of a hole. Within this assumption
of the rigid molecular orbital, due to the electron-hole
relation30, the signs of the vibronic coupling parameters
VΓ for C
+
60 (2) and the orbital vibronic coupling param-
eters vΓ of neutral C60 are opposite to each other,
VnΓ = −vnΓ. (10)
3TABLE I. The frequencies ωΓ (cm
−1), orbital vibronic coupling parameters vΓ (10
−4 a.u.), and stabilization energies EΓ (meV)
for the ag, gg, and hg modes. The data for LUMO are taken from Ref. 29.
HOMO LUMO
µ ωΓ vΓ gΓ EΓ vΓ gΓ EJT
1 2 1 2 1 2
ag
1 497 −0.121 −0.112 0.389 −0.264 −0.245 1.849
2 1498 1.040 0.184 3.159 −2.380 −0.422 16.543
gg
1 481 −0.375 −0.366 3.984 -
2 584 −0.101 −0.074 0.196 -
3 768 0.923 0.446 9.466 -
4 1092 −1.281 −0.365 9.019 -
5 1335 0.541 0.114 1.076 -
6 1540 1.477 0.251 6.029 -
hg
1 266 0.690 −0.080 1.635 −0.190 44.099 0.593 0.192 0.455 3.415
2 439 −0.508 −0.290 −0.568 −0.324 8.776 2.860 0.450 0.503 6.886
3 726 −0.043 0.977 −0.023 0.514 0.023 11.869 0.754 0.396 7.069
4 786 0.923 −0.059 0.431 −0.027 9.038 0.037 0.554 0.259 3.256
5 1125 −0.101 −0.495 −0.028 −0.135 0.053 1.269 0.766 0.209 3.038
6 1269 0.965 0.272 0.220 0.062 3.790 0.301 0.578 0.132 1.360
7 1443 2.860 1.487 0.537 0.279 25.745 6.960 2.099 0.394 13.867
8 1607 2.721 −1.542 0.434 −0.246 18.790 6.034 2.043 0.326 10.592
B. Static Jahn-Teller effect
The vibronic coupling lifts the degeneracy with the de-
formation keeping the high subgroup symmetry31, result-
ing in D5d and D3d minima
6. According to the number of
C5 and C3 axes, there are six D5d and ten D3d minima,
respectively. Thus, the search of these minima is sim-
plified by using the symmetry adapted deformations12.
With the choice of the present basis of the representation,
the deformations for D5d and D3d minima are expressed
as29:
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The JT energies are shown in Eq. (12) for D5d and
D3d, and by minimization procedure, the JT stabiliza-
tion energies6 are expressed as Eq. (13),
UD5d =
1
2
ω2hq
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1
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ED3dJT = −
1
9
(
4EJTg + 5E
JT
2h
) (13)
with the calculated values shown in Table II, as well as
the results from other’s work. The label of I donates the
usual treatment of the Jahn-Teller effect, which starts
from the high-symmetry point of the Adiabatic Poten-
tial Energy Surface (APES)2, while, in contrast, all the
normal modes of totally symmetric distortions in the low-
symmetry minimum energy conformation could also be
linearly combined as the starting point for treating Jahn-
Teller effect, which is termed as Intrinsic Distortion Path
(IDP), assigned with II32–34. The data we used here is
calculated by the usual procedure as the IDP is based
on the approximation that low-symmetry structure con-
tains all the required information for vibronic coupling
constants. From the table, we could see that B3LYP
gives larger estimation of Jahn-Teller energies than that
from LDA or PBE-related methods, which is consistent
with the conclusion that LDA will lower the estimation
of Jahn-Teller effect. Ref. 24 shows a thorough compa-
ration between IDP method and the usual method with
different approximation, however, it used the Average of
Configuration (AOC) type of calculations, which might
give larger error when estimating vibronica couling con-
stants. Ref. 20 also gives the JT stabilization energy by
B3LYP which give 121 meV as the stabilization energies,
while the value seems to be the sum of totally symmet-
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FIG. 1. The JT splitting of the HOMO levels with respect to
qhg(1)ǫ (up), qggǫ (down) deformation (in atomic unit). The
black points and gray lines indicate the DFT values and model
energy, respectively.
TABLE II. Jahn-Teller energies of C+60 (meV).
Method D5d D3d Ref.
B3LYP (I) 110 30 Present
LDA (I) 69 22 22
LDA (I) 74 27 24
LDA (II) 72 20 24
OPBE (I) 74 28 24
OPBE (II) 74 21 24
B3LYP (I) 80 32 24
B3LYP (II) 94 25 24
PBE 74 28 35
B3LYP 121 - 20
ric and hg contributions. While the contribution from
totally symmetric contribution is less than 4 meV, the
value itself is in line with the B3LYP values of this work.
In the work of Ref. 5, Infrared (IR) absorption spec-
trum was simulated, but no Jahn-Teller related energy
was derived.
IV. DISCUSSION
The vibronic coupling parameters have been derived
by using DFT calculations with LDA22,24 and B3LYP23
functionals. As discussed in Sec. II, the model Hamil-
tonian is described by the couplings to the one vibronic
coupling parameter for each of the ag and gg mode, and
two parameters for each of the hg mode.
Both V1h and V2h have been derived by N. Manini
22
and H. Ramanantoanina24, while they have not in Ref.
23. H. Ramanantoanina24 shows that the derived cou-
pling parameters obtained from the gradient of HOMO
level and from adiabatic potential energy surface agree
well with each other, which has been also seen in C−60
25,36.
Thus, the orbital vibronic coupling parameters derived
from C60 are close to the coupling parameters derived
based on the definition.
The accuracy of the LDA data has been discussed24,37
based on the comparison between the experimental pho-
toelectron spectra (PES)4 and those from numerical
simulation9. However, as pointed out by N. Manini9,
the experimental PES is broad and the fine structure of
low-energy region due to vibronic coupling is completely
smeared out, which prevents the direct comparison be-
tween the theory and experiment. Similar problem arises
in the study of C−60: The vibronic coupling parameters de-
rived from broad PES38 and those from high-resolution
spectra25 (for the latter experimental data the work of
X. B. Wang39). Moreover, in the case of PES of C+60,
the theoretical ratio of the second strongest peak to the
strongest one is smaller than those of experimental data,
inplying the underestimation of the vibronic coupling by
LDA.
The quality of the B3LYP calculations were checked
in C60 anions by comparing the theory and experimen-
tal data: the Ne´el temperature40, the spin gap41 and
the explanation of the origin of the temperature evolu-
tion of infrared spectra42 of Mott-insulating Cs3C60 using
the same data, besides the good agreement between the
coupling parameters from B3LYP calculations and high-
resolution PES25. Thus, it must be natural to expect
that the B3LYP values are closer to the reality in C60.
Furthermore, the vibronic coupling parameters from the
B3LYP calculations gave good description of the inelastic
electron tunneling spectra of an organic molecule43.
V. CONCLUSION
In this work, the orbital vibronic coupling parameters
for the hu HOMO level of C60 are derived using B3LYP
hybrid functional. With the obtained coupling parame-
ters, the JT stabilization energies of C+60 are calculated,
and the JT structure at the minima of the adiabatic po-
tential energy surface is confirmed to be D5d.
Although the derivation of the orbital vibronic cou-
pling parameters is the first step while gives a solid
ground to accurately describe the JT dynamics of C+60,
5and various spectra such as scanning tunneling measure-
ments of C60
44 inverse PES45. The present coupling pa-
rameters are derived based on the well-defined phase fac-
tor of the normal mode which was also used for the orbital
coupling parameters for LUMO. Therefore, by combining
them it is also possible to describe the vibronic prob-
lems of excited C60
46 without any confusion. The lat-
ter will be useful to analyze e.g. luminescence spectra47
and relaxation process and thermally activated delayed
luminescence48.
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The DFT data with B3LYP hybrid functional and the defination of the phase factors of the normal modes are taken
from Ref. 29. The fitting for of the DFT HOMO levels to the model hamiltonian for qhg(i)ǫ, i = 1, 2, 3, 4, 5, 6, 7, 8 and
qgg(i), i = 1, 2, 3, 4, 5, 6 are shown.
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FIG. 2. The JT splitting of the HOMO levels with respect to qhg(1)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 3. The JT splitting of the HOMO levels with respect to qhg(2)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 4. The JT splitting of the HOMO levels with respect to qhg(3)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 5. The JT splitting of the HOMO levels with respect to qhg(4)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 6. The JT splitting of the HOMO levels with respect to qhg(5)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 7. The JT splitting of the HOMO levels with respect to qhg(6)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 8. The JT splitting of the HOMO levels with respect to qhg(7)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 9. The JT splitting of the HOMO levels with respect to qhg(8)ǫ deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 10. The JT splitting of the HOMO levels with respect to qgg(1) deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 11. The JT splitting of the HOMO levels with respect to qgg(2) deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 12. The JT splitting of the HOMO levels with respect to qgg(3) deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
0 2 4 6 8 10
-0.2360
-0.2358
-0.2356
-0.2354
-0.2352
-0.2350
-0.2348
qgg (4) (a.u.)
H
O
M
O
le
v
e
l
(a
.u
.)
FIG. 13. The JT splitting of the HOMO levels with respect to qgg(4) deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
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FIG. 14. The JT splitting of the HOMO levels with respect to qgg(5) deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
0 2 4 6 8 10
-0.2355
-0.2350
-0.2345
qgg (6) (a.u.)
H
O
M
O
le
v
e
l
(a
.u
.)
FIG. 15. The JT splitting of the HOMO levels with respect to qgg(6) deformation (in atomic unit). The black points and gray
lines indicate the DFT values and model energy, respectively.
